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e = 1; Cl = 0,-m; c 3 = C 2 -m Cl -^rf ; 

„ _ r> _™^ m(m— 1) »i(m— l)(m— 2) s 
H — ^3— ^c 2 — — Y72~ °i~ i 2 ~3 — ' ' 
and thus obtain 

(1+ Z )» = l + (C 1 -m>+(e 2 -mc 1 -^=D) 2 2 

+ ((?,-*,- g^c,- ^-^- 2 ))^. [5 ] 

Since, by hypothesis, n may have any value, let n = — m, then [4] be- 
comes (l+z)° = 1+0+ . . . , that is, C x . . . C r each = ; and substit'ng 
these values in [5], we obtain, after some simplifications : 

(1+2) -« = l+(_ m) , + =*<=*=*}+ + -m(-m-l)(-m- 2) gg+ < _ 

where the exponent is any negative integer. 

3. Again, since (1 + z) nm = (1 + z)»+<"-i> B , we can, if the expansion of 
(1 + zf is given, obtain that of (1 + z) nm by substituting (m — l)n for m in 
[2] ; and, conversely, if the expansion of (1 + z) nm be given, we can obtain 
that of (I+2)" by substituting (m — 1)« for m in [5]. 

Let n = s-r-m, s and m being integers, then (1 + z) nm = (1 + z)', and we 
have, by [3], 

C x = s, 2 = \.~~n • • • • Substituting, in [5], these 

values for C t . . . C r , and (m— l)(s-f-m) for m, and simplifying, we obtain 

(1+s) ; = 1+ J 2+ (g2J»)[(J3m>- l ]^ + (^m)[(^m)— l][(s-Hm)- 21 ,, a 
wi 1.2 1.2,3 

+ 

Hence, since s may be pos. or neg., we find, whatever n may be, 

(1+ Z )» = l+ IM +«^) i »+^=^p^.»+ .... 

and thence, by putting y-Hc for z, and multiplying by of, 
(x + jr) n = x" + rare" - ^ + 



Solution op Peob. 315 by Chas. H. Rummell. (See p. 166.) — The 
total distance of A is D„ = 1 +2+3 = 6 in . It is required to find the most 
probable similar quantity for B. 

The most probable position of JS's bull's eye is evidently the center of 
gravity of his shots, viz., that point for which 
D\ +D1 +£>§ = {x-0f+(y-Qy+{x-lf +(y-l)*+(x-2y+(y-3f = min'm. 
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(x—0)+(x—l)+(x—2) = 0; x = 1. 

(y-0)+(y-l)+(y-3) = 0; y = *. 
We have then 

2>i =l/(l+¥) = 1-667 , 

J> a = ^(0+ |) = 0.333 , 

D* = •(!+¥) = 1-944. 

The total distance from the most probable center would be then 

A = 3 In .944, < D a . 

It would not be fair however to compare D h , which is only probable, with 

D a , which is true. 

The rule agreed upon for comparing the skill makes evidently an abstrac- 
tion of the direction of the shot from the center; it only considers the dist. 
The question arises : what is (with this abstraction) the most probable dis- 
tance of the center of gravity from the true center? 

We have for the mean error e of the center of gravity being the true center 



= ^=i!/10 = 1.054 in. 



We have then the probability of the true center being in the circumfer- 
ence of a circle of radius r about the center of gravity 

therefore the most probable distance r of the center of gravity from the 

true center is, 

/» dr r* 

r 7o- e M 

r n = o «ol/2* « = ,- = QMV n 



J o «ol/ 2* J!i _ . J2 0< 

r dr 1r* ~ e o^- u -' 



o =ol/ 2jr 
The most probable distance of each of the three shots from the true center 

is then B\ = \Z{r\ + D\) = 1.867 in., D' 2 = j/(rj + D\) — 0.905 in., 
D' 3 = V{rl+D\) = 2.H8 in. ; hence D' h = £>[+JD[+D[ = 4.890, < D a . 
B was therefore the most probable winner. 

A more correct mode of comparison of their skill would be, however, by 
means of the measures of precision. We have the mean error for A ; 

,. = > /(i±|±^) =A /^ ; ... J „=_l ?5=J ^ = 0.327 ! for5, 

However, the ratio of skill agrees satisfactorily from the two methods for, 
D a +D h = j.fa = 1.23, and h+K = MM = 1-19. 



